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A particle P of mass m, moving in the x-y plane, is subject to a force

— maw?(sin wti + 4cos 2wtj),

where ¢ is time and @ and @ are positive constants. Initially the particle is at the point aj and has
velocity awi.

(i) Find the velocity of P at time ¢ and show that the position vector of P at time ¢ is

r = asinwti + acos2wtj. [7}
(ii) Find the cartesian equation of the path of P and sketch the path for ¢ = 0. (5]
(iii) Find the power of the force at time ¢. (2]

(iv) Hence find by integration the work done in the interval 0 < ¢ < 2—”— Verify that this is equal
0]

(a)

(b)

to the change in kinetic energy of P. [6}

Two small boats A and B set out from harbours H, and Hj; at the same instant. Hy is 10 km
due east of H,. Each boat travels with constant velocity. Boat A travels at 2km h™!on a
bearing of 045° and B travels at 4kmh™!,

(i) Given that B intercepts A, find the bearing on which B travels. (4]

(ii) Given instead that B travels on a bearing of 300°, calculate the magnitude and bearing of
the velocity of B relative to A. Hence determine the least distance between the two boats.

[7]

Aeroplane X is travelling with velocity (100i + 200j) ms~! and aeroplane Y is travelling with
velocity (50i — 100j — 10k)ms ™!, where i, j, and k are unit vectors in the directions east,
north and vertically upwards respectively. Initially the displacement of Y relative to X is
(100i + 600j + 100Kk) m.

Show that the closest approach of the aeroplanes occurs just after Y passes vertically above X,
and find (correct to four significant figures) the least distance between them. [9]

2611 June 2005




3

3

. . . . kmr
A comet of mass m moves around a fixed star at the origin O under the action of a force —-——-,
_ r
where r is the position vector of the comet and k is a positive constant.
. 2. . . . . h2 k
(i) Show that r“@ is constant. Denoting this constant by £, show that ¥ — — = — —. {6]
r r
. . 1 . 2 2d’u . . . . .
(ii) Given that r = o show that ¥ = —h"u ?d? Hence find a differential equation relating
u and 6. (7]

(iii) The minimum distance between the comet and star is r, and occurs at the point 8 = 0 when
the comet is travelling at speed v, . Solve the differential equation and hence find r in terms of
0, k,r, and v,. {71

Question 4 is on the next page.
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A uniform semicircular lamina L, has mass m and radius a. The diameter is AB and the mid-point
of AB is O.

(i) Show, by integration, that the moment of inertia of L, about an axis through O and
perpendicular to L, is %maz. [4]

Alamina L, is made by attaching a uniform square lamina ABCD of mass Am and side 2a to L, as
shown in Fig. 4. The mid-point of CD is X.

D A
2 .
“1x 0
C 2a B
Fig. 4

(ii) Show that the moment of inertia of L, about an axis through O and perpendicular to the lamina
is given by I, = gma®(3 + 104). 3]

The value of 4 is chosen so that the centre of mass of L, is at O.

(iii) Find A and hence show that I, = kMa? where M is the mass of L, and

_ 9m+40
187+ 24" [4]

(iv) Find the moment of inertia of L, about an axis through X and perpendicular to L,, in terms of
k,M and a. [2]

The lamina is suspended from a horizontal axis through X and can rotate freely in a vertical plane.
The angle that XO makes with the downward vertical at time ¢ is 6. The lamina is released from
rest with @ = o, where 0 < a < .

(v) Find 6% in terms of k,g,a,0and a. [3]

(vi) Show that, if « is sufficiently small, the resulting motion is approximately simple harmonic.

(4]
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1) mi =-maw’ (sin ati +4cos2wt]) M1 use of N2L
f = —aw(—cos wti +2sin 2atj)+c, M1 integrating
Al
t=0,f =awi=c, =0 M1 condition
I = aw(cos wti —2sin 20tj) Al
r= a(sin wti + cos 2a)tj) +c, M1 integrating
t=0,r=aj:>cz=0:>r=a(sina)ti+cos2a)tj) El
7
(i) x=asinamt,y=acos2mt M1 components and eliminate t
y = a(l—2sin’ wt) Bl trig identity
2
y=a-2X Al
a
a B1 parabola (m) through (0,a)
ANE
@ / r \ B1 endpoints indicated
5
(iii) ) sin ot —cos wt
P=F -v=(—maw )(-aw) S Ml
4cos2wt ) \ 2sin 2wt
=ma’w’ (8sin 2wt cos 2mt — sin wt cos wt) Al
2
V) wp- ‘[ O%'“ Pdt = ma’w’ J'OA (4sindwt — L sin2wt)dt M1 attempt integral of P
a3 e P M1 trig identity and integrate
=maw [ o Cosdat+ 55 cos 2a)tJ0 Al []or constant multiple
=ma’e’(-1-1)=-1ima’e’ Al
AKE =4 m([of" - facil*) Ml
=-1ima’e’ El  both results




2(a)(i) Vv, must be due West g maybe
implied
« & v —4cosa—2 dl?*g?am or
4 2 or zV, = . relative
4sina -2 Ml velocity
vector
2 4 ina— =
£ or 4sina—+2=0 Ml
sinag  sin45°
a =20.7° hence bearing 290.7° Al
7]
(i) (_2\/3 -2 J diagram or
or gV, = relative
2-2 Ml velocity
vector
2 _ 2,42 o 2 2 2 calculate
V,| =4"+2"-2-4.2cos105 =(= — —
|B A| or |BVA| ( 23 \/5) +(2 \/5) Ml magnitude
|aVa|=4.913 kmh™ Al
_4 4913 or tan”! 23 -2 Ml calculate
sin ﬂ sin105° 2_ \/5 angle
f =51.8...° hence bearing 276.8° Al
d =10sin(f5 —45°) M1 complete
method
=1.19km Al
[7]
(b) 20 100 -50 Ml
vy =| =100 |=| 200 |=| =300 Al
-10 0 -10
100 50
XY =| 600 |—| 300 |t Al
100 10
—2
‘XY‘ = (100 - 50t)? + (600 — 300t)* + (100—10t)? N
=200(463t> —1860t +1900)
. 930 any valid
min. when t = % =2.0086... M1 method for
minimum
Al
verticallyahove = X¥F parallel to k=t =2 M1
hence closest at t = 2.0086... i.e. just after vertical El
least distance = 79.96 Al
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m~li(r29):0 M1
r dt
= r?0 = constant El
- kmr Ml
o 2y
m(iF—r@”) = = Al
. h . (hY Kk
Hzr—zjr—r(r—zj Z—r—2 M1
. h? «k
:>r—F _—r—z El
6
ii .
(if) SN P Ml
u u- dé
=—i2d—uhu2 M1
u- de
__pdu Al
de
2 2
Foh 9o pTUpe Mi
de de
2
=y LU Al
de
2
—hzuzd—li—hzu3 =—ku? Ml
do
2
jg‘jm::—z Al
7
(ii)) CFu=Asin@+Bcosé M1
PI u=h£2 B1
k .
u:h—2+As1nt9+Bcost9 Al
rmin. >Umax.at 0=0= A=0 B1
0=0,r=r :>i—L+B:>B—i—L Ml
ST Ty r, h?
. h
at =0, rad. vel. =0 = trans. vel, ré =v, = v, =— M1 relating h to r,,v,

2,2
r= VO r()
k+(v,’r, —Kk)cos @

fo

Al




4(i) Taking a semicircular ‘strip’ of radius
r and width or

area ~ 7ror so mass ~ m7rr2 or M1
1ra
. . 2mr 5
mom. of inertia ¥ ——Jrxr M1
a
_2mea 5o 2Mp 4R
I—?Ordr_?[;r ]0 M1
=ima’ El
4
(i) 1 e =1Am(@* +a’)+ima’ MI1
IO :%maz + Isquare Bl
I, =ima’+2ima’ =1 ma’(3+104) El
3
iii
(i) Abm~a:m'ﬁ:>/1:i Bl
3z 3z
M
I, =1 — |a’(3+104 M1
© 6(1+/1) ( )
_3+104 Ma? Al
6(1+ 1)
3+ 97+40 El
6(1+1) 187+24
4
(iv) I, =kMa’ + M (2a)’ M1 parallel axis theorem
=(k +4)Ma’ Al
2
(V) 11,6° —~Mg-2acosd = -Mg-2acosa M1 energy
Al
2 = cos @ —cosa
a(k+4)( ) Al aef
3
(vi) 26 = 49 (—sing6) M1 dlffe.rennate or use equation of
a(k +4) rotation
Al
@ small = sinfd =40 M1  approximation
~-—29 g icsHM Al

atk+4)




2611: Mechanics 5

General Comments

The standard of work varied widely, but most candidates were able to demonstrate some
understanding of the principles involved in this unit.

Comments on Individual Questions

1)

(i)

(ii)

(iif)

(iv)

(@)

(ii)
(b)
(i)

(ii)

(iif)

(i)

(ii)
(i)
(iv)

Most candidates integrated successfully, but a surprising number omitted the
arbitrary constants. Although they are zero in this case, they must not be
simply ignored, particularly when the answer is given.

The path was often found successfully, but many of the sketches were
incomplete.

Some were unable to make any progress here, but others knew the relevant
formula and were able to apply it successfully.

Many candidates knew how to find the work done, but algebraic slips were
common.

Most candidates attempted this with Cartesian vectors rather than geometric
methods. It was usually done correctly.

Again this was usually done correctly.

Candidates generally knew how to find the closest approach, but many did not
show that it occurred just after Y passes vertically above X as requested.

This standard result was usually done well.

This was also often done well, but some struggled to get the correct
expression for the second derivative.

Most were able to get the general solution for the differential equation. Most
candidates did not know how to use the given condition to find the position of
the initial line and just assumed its position. Many candidates were not able to
correctly substitute for h in their expression.

Most candidates were able to derive the moment of inertia correctly.

Again, most candidates were able to do this correctly.

Some candidates were unable to calculate the value of A.

Most candidates were able to find the moment of inertia.



(v) Errors in the energy equation were common, so correct answers were rare.

(vi) Few candidates were able to correctly find the angular acceleration, either
from the equation of motion or from the energy equation.
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